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Abstract: We consider the universal part of entanglement entropy across a plane in
flat space for a QFT, giving a non-perturbative expression in terms of a spectral func-
tion. We study the change in entanglement entropy under a deformation by a relevant
operator, providing a pertrubative expansion where the terms are correlation functions
in the undeformed theory. The entanglement entropy for free massive fermions and
scalars easily follows. Finally, we study entanglement entropy across a plane in a back-
ground geometry that is a deformation of flat space, finding new universal terms arising
from mixing of geometry and couplings of the QFT.
ar
X
iv
:1
40
7.
28
91
v3
  [
he
p-
th]
  1
1 S
ep
 20
14
Contents
1 Introduction 1
2 Flat entangling surface: perturbative analysis 3
2.1 First order 5
2.2 All orders 7
3 Flat entangling surface: non-perturbative analysis 9
3.1 General case 10
3.2 Dirac fermion 12
3.3 Scalar 13
4 Deformed geometry: new universal terms 13
4.1 General case 15
4.2 Dirac fermion 16
4.3 Scalar 16
5 Discussion 17
A The thermal picture 18
B Spectral density for free fields 19
1 Introduction
Entanglement entropy has emerged as a topic of interest in a wide range of areas [1–7].
Within the context of quantum field theory, entanglement entropy is a UV divergent
quantity, with most of the contributions to it depending on the choice of UV regulator,
δ. However, in even space-time dimensions there is a term which is an exception, scaling
like log(δ). The coefficient of this term is the universal part of entanglement entropy,
and is expected to encode the characteristics of the QFT.
On general grounds, one expects entanglement entropy to depend on the metric of
the spacetime, the shape of the entangling surface, and the characteristics, such as the
couplings, of the QFT. Furthermore, entanglement entropy will contain terms which
depend solely on geometry (those that persist for a CFT), terms which depend solely
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on couplings (those that persist in the absence of extrinsic and background curvatures),
and terms which involve mixing between the two. For instance, the exclusively geo-
metric dependence was found by Solodukhin in [8, 9] for a 4-dimensional space, with
the universal part of entanglement entropy for a CFT expressed as an integral over
the entangling surface of a combination of the induced metric, intrinsic and extrinsic
curvatures (see also [10] for a 6-dimensional CFT). In this paper, our primary concern
will be the dependence of entanglement entropy exclusively on the characteristics of
the QFT. To isolate this contribution, we consider a planar entangling surface in flat
space.
The starting point for our analysis is the entanglement entropy flow equation [11].
This equation encodes the dependence of entanglement entropy on the coupling λ of
some relevant operator O in the field theory,
∂S
∂λ
= −
∫
ddx 〈KλO(x)〉 λ . (1.1)
Here Kλ is the modular Hamiltonian, defined through the reduced density matrix
Kλ = − log ρλ, and 〈· · · 〉 denotes a connected correlation function in the vacuum of the
theory with coupling λ. In Sec. 2 we review the derivation of this equation, and give an
independent derivation of it through a direct expansion of the modular Hamiltonian.
We exploit the fact that for a planar entangling surface in flat space, the modular
Hamiltonian is known for any QFT and is simply the analytic continuation of the
Rindler Hamiltonian [12–15]. Evaluation of entanglement entropy is therefore reduced
to a computation of correlation functions in flat space.
In Sec. 2.2 we perform a perturbative expansion of both sides of (1.1) in order
to express the entanglement entropy for a theory with coupling λ entirely in terms
of correlation functions of a theory with coupling λ0. In Sec. 3 we assume there is
one relevant coupling and work directly with Eq. 1.1 to express the entanglement en-
tropy for a general theory in terms of its spectral function, and explicitly evaluate the
entanglement entropy for a free theory.
In Sec. 4 we initiate a study of the interplay of background geometry with couplings
of the theory. We find the coefficients, for a general QFT, of the universal log terms in
entanglement entropy that are linear in the curvature. We achieve this by computing
the first order change in the entanglement entropy of a plane in a background metric
that is a small perturbation of flat space.
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2 Flat entangling surface: perturbative analysis
Consider some subregion V of a manifoldM. The reduced density matrix for this region
is obtained by tracing out degrees of freedom associated with V - the complement of V ,
ρ = TrV |0〉〈0| ≡
e−K
Tr e−K
, (2.1)
where we have taken the global state to be the vacuum. The right hand side of (2.1)
serves the definition of the modular Hamiltonian K. The entanglement entropy is
defined as the von Neumann entropy of the reduced density matrix,
S = −TrV (ρ log ρ) . (2.2)
Let us assume that for a theory with action I0 containing couplings λ0 and defined
on a general manifoldM we know the reduced density matrix, ρ0, for some entangling
surface Σ. In what follows we address how the entanglement entropy changes if we
slightly perturb the QFT by changing the coupling, λ0 → λ0 + δλ, as well as how
the entanglement entropy changes if instead we slightly deform the geometry of the
background. This section, as well as section 3, will be concerned with the former, while
section 4 will deal with the latter. Either of these deformations will lead to a change
in the density matrix,
ρ = ρ0 + δρ . (2.3)
The resulting change in the entanglement entropy is found through an expansion of
(2.2). The first order term in δρ gives the so-called first law of entanglement entropy
[16–18],
δS = Tr(K0δρ) . (2.4)
The first law (2.4) can alternatively be expressed in terms of the change δK in the
modular Hamiltonian [17],
δS = −〈0|δK K0|0〉0 . (2.5)
Throughout this paper, we consider an entangling surface Σ that is a plane in
flat space (see Fig. 1). The directions along Σ are denoted by yi and the directions
orthogonal to Σ by xa, so that xµ = (xa, yi). Also, Σ is chosen to lie at the origin
of the transverse space, (x1, x2) = 0. The region V is thus the half-space, x1 > 0.
Furthermore, the transverse space to Σ is O(2) invariant, with an associated Killing
field ξ = x1∂2 − x2∂1. The generator of rotations is the analytic continuation of the
Rindler Hamiltonian,
HR = −
∫
A
Tµνξ
µnν , (2.6)
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Figure 1. (a) An entangling surface that is a plane. We use coordinates xµ = (xa, yi), with
xa transverse to the plane and yi along the plane. (b) The transverse space to the plane.
where A is a constant Euclidean Rindler time slice (one of constant tan θ = x2/x1),
and nν is normal to A.
The path integral defining the reduced density matrix can be interpreted in terms
of angular evolution of the state at θ = 0 to the state at θ = 2pi, with the Rindler
Hamiltonian being the generator of infinitesimal angular translations. This leads to
the immediate conclusion that the modular and Rindler Hamiltonians are proportional
[12],
K = 2piHR . (2.7)
For instance, if one takes A to lie on the θ = 0 slice,
A = {(x1, x2, yi) ∈ Rd
∣∣x2 = 0, x1 > 0} , (2.8)
the modular Hamiltonian takes the form
K = −2pi
∫
Σ
∫ ∞
0
dx1 x1 T22 . (2.9)
We will consider a theory which contains a relevant or marginal operator O(x) of
scaling dimension ∆ ≤ d. The action I thus has the term
λ
∫
Rd
O(x) ⊂ I . (2.10)
We would like to find the change in the entanglement entropy resulting from a change
δλ in the coupling. To accomplish this, we first note that the energy-momentum tensor
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of the full theory can be decomposed as1
Tµν = T
0
µν − δµν λO , (2.11)
where T 0µν is the energy-momentum tensor of the theory with λ = 0. Thus, from (2.9)
we find that the change in the modular Hamiltonian is
Kλ −Kλ0 = 2pi δλ
∫
A
x1 O(x), (2.12)
Now, from the first law of entanglement entropy (2.5), we find that the change in
entanglement entropy, to first order in δλ, is
δS = −2pi δλ
∫
A
x1〈0|O(x)Kλ0 |0〉λ0 . (2.13)
Since we could have evaluated the modular Hamiltonian on any constant Rindler time
slice, and not necessarily the θ = 0 slice, we can use O(2) symmetry in the (x1, x2)
space to alternatively write (2.13) in the form
δS = −δλ
∫
Rd
〈0|O(x)Kλ0|0〉 λ0 . (2.14)
This result matches the expression found in [11, 19]. There, we considered an arbitrary
entangling surface in an arbitrary background and made use of the path integral repre-
sentation of the reduced density matrix to find the appropriate generalization of (2.14).
Here, we have worked with a plane in flat space. This is more restrictive, but has the
advantage that the modular Hamiltonian is known for any QFT and so we can directly
use (2.5) to find (2.13). In the more general case [11], we instead did a perturbative
expansion within the path integral to obtain (2.14).
2.1 First order
As an illustration of our result (2.13), we use it to find the universal part of entanglement
entropy for a free massive scalar field in four space-time dimensions. In the notation of
(2.10), the mass operator is O = φ2 and the coupling constant is λ = m2/2. Here, we
view the mass term as being a small deformation of the massless theory, so δλ = m2/2. 2
1Throughout this paper we assume that O is independent of the background metric, e.g., in a gauge
theory we exclude from consideration operators like FµνF
µν .
2Strictly speaking λ is a dimensionful parameter, and so one needs to be more precise about
the meaning of ‘a small deformation’. In general, it means δλ ≤ λ. If, however, λ vanishes, then by
dimensional analysis we simply evaluate those terms that may contribute to the universal entanglement
entropy.
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Later, in Sec. 3, we consider the more general case of an arbitrary mass term which is
regarded as a deformation of a theory with a slightly different mass.
From (2.13) we find that the first order in m2 contribution to the entanglement
entropy is
δS = −2pi2m2
∫
Σ
∫ ∞
0
dx1 x1
∫
Σ
∫ 0
−∞
dx¯1 x¯1 〈O(x) T 022(x¯)〉0 . (2.15)
We are free to take the Rindler Hamiltonian to be evaluated on any constant Rindler
time slice, and we have chosen θ = pi.
The correlation functions we need to evaluate in (2.15) are for a free massless scalar
field theory. The two-point function of a massless scalar is
〈φ(x)φ(0)〉 = 1
(d− 2)Ωd
1
xd−2
, (2.16)
where Ωd is the solid angle, Ωd = 2pi
d/2/Γ(d/2). The energy-momentum tensor for the
minimally coupled scalar is given by
T 0µν = ∂µφ∂νφ−
1
2
δµν(∂φ)
2 . (2.17)
Using this expression and the two-point function (2.16) it follows that
〈T 0µν(x¯)φ2(x)〉 =
2(xµ − x¯µ)(xν − x¯ν)− δµν(x− x¯)2
Ω2d (x− x¯)2d
. (2.18)
Equipped with the correlator (2.18), from (2.15) we find the first order change in
entanglement entropy is,
δS =
(2pi)2m2
2Ω2d
∫
dd−2y
∫ ∞
0
dx1 x1
∫
dd−2y¯
∫ 0
−∞
dx¯1 x¯1
1
((x1 − x¯1)2 + (y − y¯)2)d−1 .
(2.19)
Performing the integral over y¯ through a change of variables y¯ → y + y¯ yields
δS =
m2pi
d+3
2
2d−3 Γ
(
d−1
2
)
Ω2d
∫
dd−2y
∫ ∞
0
dx1
∫ 0
−∞
dx¯1
x1 x¯1
(x1 − x¯1)d . (2.20)
In dimensions greater than four, δS diverges as δ−(d−4), where δ is the UV cutoff. In 4
dimensions (2.20) gives a log divergence,
δS =
m2
24pi
log(mδ)AΣ , (2.21)
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where AΣ is the area of the entangling surface. The result (2.21) for the minimally
coupled scalar matches the result in the literature (for example, [20, 21]).
As shown in [22], if we had chosen the scalar field to be non-minimally coupled,
the coefficient in (2.21) would have changed. Indeed, from the general analysis it
follows that 〈Tµνφ2〉 vanishes for any CFT, and as a result if one deforms away from
the fixed point, nontrivial contributions to the universal part of entanglement entropy
will only appear at second order in the coupling [19, 23]. The distinction between the
entanglement entropies for the minimally and nonminimally coupled scalar field, and
its implications, is elaborated and discussed in [22].
2.2 All orders
In the previous section, we considered the case of a free scalar field theory. In particular,
we used (2.14) to find the first order change in the entanglement entropy under a
variation in the mass of the field. In this section, we consider a general QFT and
expand the entanglement entropy to all orders in δλ.
First, we note that (2.14), as it is valid for any λ0, leads to the exact differential
equation [11],
∂S
∂λ
= −
∫
ddx 〈KλO(x)〉 λ . (2.22)
Here and in what follows we assume that λ is a renormalized coupling constant, and
therefore O(x) is the corresponding renormalized composite operator3. Note also that
Kλ needs no renormalization since by definition the energy-momentum tensor is a finite
composite operator.
Using that Kλ is the Rindler Hamiltonian (2.7), we rewrite (2.22) as
∂S
∂λ
= 2pi
∫
ddx
∫ ∞
0
dx¯1 x¯1
∫
Σ
〈T λ22(x¯)O(x)〉 λ . (2.23)
We now expand both sides of (2.23) about λ0. Expanding the left hand side gives
∂S
∂λ
=
(
∂S
∂λ
) ∣∣∣
λ=λ0
+
(
∂2S
∂λ2
) ∣∣∣
λ=λ0
δλ+O(δλ2) . (2.24)
We expand the right side of (2.23) by introducing a source J(x) for O and taking
functional derivatives with respect to it,
3Renormalization of the reduced density matrix is analogous to renormalization of the generating
functional in the field theory. Both of them have a path integral representation, with the only difference
being in the boundary conditions, which don’t have an impact on the renormalization procedure.
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〈T λαβ(x¯)O(x)〉λ = 〈T λ0αβ(x¯)O(x)〉λ0 + δλ
∫
ddz
δ
δJ(z)
〈T Jαβ(x¯)O(x)〉J
∣∣∣
λ=λ0
+ O(δλ2) .
(2.25)
Since the energy-momentum tensor has the form (2.11), functionally differentiating it
gives
δT Jαβ(x¯)
δJ(z)
= −δαβ δ(z − x¯)O(x¯) . (2.26)
Thus, Eq. 2.25 becomes
〈T λαβ(x¯)O(x)〉λ = 〈T λ0αβ(x¯)O(x)〉λ0
− δλ
(
δαβ〈O(x¯)O(x)〉λ0 +
∫
ddz 〈T λ0αβ(x¯)O(x)O(z)〉λ0
)
+O(δλ2) , (2.27)
where the first term in parenthesis comes from the functional derivative of T λαβ, while
the second term comes from the source term in the full action. In terms of the modular
Hamiltonian we get,
〈KλO(x)〉λ = 〈Kλ0O(x)〉λ0−δλ
∫
ddz
(
〈Kλ0O(x)O(z)〉λ0−〈O(z)O(x)〉λ0
)
+O(δλ2) .
(2.28)
Here we have made use of the fact that the modular Hamiltonian, Kλ, on the left hand
side is invariant under O(2) rotations in the transverse space, and therefore the whole
correlator is some function of the distance from the entangling surface. In particular,
we can replace
2pi
∫
Σ
∫ ∞
0
dx¯1x¯1〈O(x¯)O(x)〉 =
∫
ddz〈O(z)O(x)〉 . (2.29)
Now, matching terms in (2.23) between the expansions of the left and the right hand
sides in powers of δλ, gives the desired expansion of the entanglement entropy
S(λ) =
∞∑
n=0
(δλ)n
n!
(
∂nS
∂λn
) ∣∣∣
λ0
, (2.30)
where the first-order term is(
∂S
∂λ
) ∣∣∣
λ0
= −
∫
ddx〈Kλ0O(x)〉λ0 , (2.31)
the second-order term is(
∂2S
∂λ2
) ∣∣∣
λ0
=
∫
ddx
∫
ddz
(
〈Kλ0O(x)O(z)〉λ0 − 〈O(z)O(x)〉λ0
)
, (2.32)
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and similarly the n-th order term is(
∂nS
∂λn
) ∣∣∣
λ0
= (−1)n
∫
· · ·
∫
︸ ︷︷ ︸
n
(
〈Kλ0O · · ·O︸ ︷︷ ︸
n
〉λ0 − (n− 1)〈O · · ·O︸ ︷︷ ︸
n
〉λ0
)
. (2.33)
Although the above expression looks universal for small n, it is in fact theory
dependent. The information of the underlying field theory is hidden in the structure
of the renormalized composite operators O. Generically this structure can be very
complicated. Moreover, even if λ0 corresponds to a fixed point where all anomalous
dimensions vanish, one should still anticipate emergence of a non-universal structure
at sufficiently high order in δλ.
As a side note, we mention that in deriving (2.33) we have ignored operator order-
ing. It is implicit that when applying (2.33) one may need to include contact terms. It
is interesting to note that an alternative way to obtain (2.33) would be to do an expan-
sion of the definition of S, (2.2), to all orders in δρ. This would appear to be a more
challenging approach, as one would have to worry about issues relating to potential
non-commutativity of Kλ0 with δρ [17]. Since the commutators are of local operators
and nonzero only at coincident points, if one ignores this issue and just does a naive
Taylor expansion, one recovers (2.33). Though of course, our derivation of (2.33) was
special to a planar entangling surface.
3 Flat entangling surface: non-perturbative analysis
In the previous section we found a differential equation (2.22) that encodes the depen-
dence of the entanglement entropy S on the coupling λ of some relevant operator O.
Expressed in terms of the modular Hamiltonian for a plane, we found,
∂S
∂λ
= 2pi
∫
ddx
∫ ∞
0
dx¯1 x¯1
∫
Σ
〈T λ22(x¯)O(x)〉 λ . (3.1)
Provided that one knows the two-point function of the relevant operator and the energy-
momentum tensor, 〈TµνO〉, the problem of computing entanglement entropy for a plane
is solved by integrating (3.1). Of course, one generally only knows such a correlation
function perturbatively. For this reason, in Sec. 2.2 we derived a perturbative expansion
of S around some given coupling λ0 in terms of the unperturbed correlation functions
defined at λ = λ0.
For a few special cases, one can exactly evaluate the right hand side of (3.1). The
simplest case is that of a free massive scalar or fermion, and this is what we do in
Sections 3.2-3.3. From a theoretical standpoint, it is of interest to evaluate (3.1) for
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a general theory, expressing the entanglement entropy in terms of some parameters
characterizing the theory. This is done in Sec. 3.1, for theories with one relevant
operator, by making use of the spectral function.
3.1 General case
We start with the trace Ward identity [24, 25],
〈T (x)〉λ +
∑
i
(d−∆i + βi)λi 〈Oi(x)〉λ = A , (3.2)
where Oi are all relevant operators and A is the trace anomaly. Differentiating (3.2)
with respect to gαβ(y) gives 4,
〈T (x)Tαβ(y)〉λ +
∑
i
(d−∆i + βi)λi 〈O(x)Tαβ(y)〉λ
=
2√
g(y)
〈
δT (x)
δgαβ(y)
〉
λ
− 2√
g(y)
δA
δgαβ(y)
. (3.3)
Since the couplings λi are constant and gµν is flat, the right hand side of (3.3) reduces
to a δ-function with constant coefficient. Thus, the terms on the right hand side do not
contribute to the universal part of entanglement entropy, and we drop them in what
follows. Now using (3.3) combined with (3.1) gives∑
i
∂S
∂λi
λi (d−∆i + βi) = −2pi
∫
ddx
∫
Σ
∫ ∞
0
dx¯1 x¯1〈T (x)T22(x¯)〉λ . (3.4)
As the right hand side can be expressed in terms of the modular Hamiltonian we get,∑
i
∂S
∂λi
λi (d−∆i + βi) =
∫
ddx 〈T (x)Kλ 〉λ . (3.5)
As an aside, we mention that in Sec. 4 we will see that the expression on the
right hand side is what appears when considering the variation of the entanglement
entropy under a change of the spacetime metric (rather than the coupling). In addition,
although we arrived at (3.5) for a planar entangling surface, it in fact holds for any
entangling surface in any spacetime [11], although generally Kλ is unknown.
Returning to (3.5), we see that it is especially useful if the theory has only one
relevant operator. For the rest of the section we will therefore specialize to this case. A
feature of (3.4) is that there exists a spectral decomposition of the two-point function
4See footnote 1.
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of the energy-momentum tensor [26], allowing it to be expressed in terms of a sum
involving free propagators,
G(x− x¯, µ) =
∫
ddp
(2pi)d
eip·(x−x¯)
p2 + µ2
=
1
2pi
(
µ
2pi|x− x¯|
)(d−2)/2
K(d−2)/2(µ|x− x¯|) , (3.6)
and two spectral functions: c(0)(µ) and c(2)(µ). The spectral decomposition takes the
form
〈Tαβ(x)Tρσ(x¯)〉 = Ad
(d− 1)2
∫ ∞
0
dµ c(0)(µ) Π
(0)
αβ,ρσ(∂) G(x− x¯, µ)
+
Ad
(d− 1)2
∫ ∞
0
dµ c(2)(µ) Π
(2)
αβ,ρσ(∂) G(x− x¯, µ) , (3.7)
where
Ad =
Ωd
(d+ 1)2d−1
, Ωd =
2pid/2
Γ (d/2)
,
Π
(0)
αβ,ρσ(∂) =
1
Γ(d)
SαβSρσ ,
Π
(2)
αβ,ρσ(∂) =
d− 1
2 Γ(d− 1)
(
SαρSβσ + SασSβρ − 2
d− 1SαβSρσ
)
, (3.8)
where Sαβ = ∂α∂β − δαβ∂2.
Using the above spectral representation of the two point function combined with
the modular Hamiltonian (2.9), one finds that for indicies i, j along the entangling
surface Σ [27],
〈Tij(r)Kλ〉 = − Ad δij
(d− 1)2Γ(d)
∫ ∞
0
dµ
(
c(0)(µ)− (d− 1)c(2)(µ))µ2K0(µ r) ,
(3.9)
where r =
√
x22 + x
2
1 is the radial distance in the transverse space (the distance between
Σ located at the origin r = 0, and the insertion point of the energy-momentum tensor).
On the other hand, for indicies transverse to Σ we have,
〈Tac(r)Kλ〉 = − Ad
(d− 1)2Γ(d)
∫ ∞
0
dµ
(
c(0)(µ) + (d− 1)(d− 2)c(2)(µ))
× (δacµ2 − ∂a∂c)K0(µr) . (3.10)
Now using the Bessel equation it can be shown that,
∂a∂cK0(µ r) =
µ
r
(
µrK2(µr) cos
2 θ −K1(µr) µr sin θ cos θ K2(µr)
µr sin θ cos θ K2(µr) µrK2(µr) sin
2 θ −K1(µr)
)
, (3.11)
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where we substituted x1 = r cos θ and x2 = r sin θ. Hence, taking the trace and using
(3.10) and (3.9) yields,
〈T (r)Kλ 〉λ = −Ad
(d− 1)Γ(d)
∫ ∞
0
dµ µ2 c(0)(µ)K0(µ r) . (3.12)
Note that c(2)(µ) does not contribute since by definition Π
(2)
αβ,ρσ is manifestly traceless
in the first and last pair of indices.
Finally, substituting the above result (3.12) into (3.5) and integrating over Rd gives
λ
∂S
∂λ
=
−2pi AdAΣ
(d−∆ + βλ)(d− 1)Γ(d)
∫ ∞
0
dµ c(0)(µ) , (3.13)
where AΣ is the area of the entangling surface Σ. Of course, for a conformal field theory
(for dimensions greater than 2) the above identity is trivial since both λ and c(0)(µ) ∝
µd−2δ(µ) vanish. Interestingly, the right hand side of (3.13) exhibits a logarithmic
divergence if and only if the expansion of c(0)(µ) for large values of µ contains a term
that behaves as µ−1.
Finding the entanglement entropy is now a simple matter of inserting the relevant
spectral function into (3.13). We do this now for the simplest case of free massive fields.
3.2 Dirac fermion
For a free massive Dirac field, λ = m, ∆ = d − 1, βλ = 0, and the spectral functions
are [26] (see also Appendix B),
c
(0)
F (µ) = 2
[d/2] 2(d+ 1)(d− 1)
Ω2d
m2 µd−5
(
1− 4m
2
µ2
)(d−1)/2
Θ(µ− 2m) , (3.14)
c
(2)
F (µ) = 2
[d/2] (d− 1)
2 Ω2d
µd−3
(
1− 4m
2
µ2
)(d−1)/2(
1 +
2
d− 1
4m2
µ2
)
Θ(µ− 2m) ,
where m is the mass of the Dirac field and [d/2] denotes the integer part of d/2.
(Recall that 2[d/2] is the dimension of the Clifford algebra in a d-dimensional spacetime.)
Although we will not need it here, we have recorded c(2) as it will be relevant in Sec. 4.
Using c
(0)
F , (3.13) takes the form
m
∂S
∂m
=
−8pi
2d/2Γ(d)Ωd
md−2AΣ
∫ ∞
2
dx xd−5
(
1− 4
x2
)(d−1)/2
= − Γ
(
4−d
2
)
6(2pi)
d−2
2
md−2AΣ
=
(−)d/2
6(2pi)
d−2
2 Γ(d/2)
(d− 2)md−2AΣ log(mδ) + . . . , (3.15)
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where by assumption d is even, δ is the UV cut-off, and we have kept only the logarith-
mic divergence5 since this is the only part that is relevant for (3.13). We thus recover
the universal ‘area’ term for fermions [20]
S =
(−)d/2
6(2pi)
d−2
2 Γ(d/2)
md−2AΣ log(mδ) . (3.16)
3.3 Scalar
In Appendix B we find the spectral function c
(0)
M for the minimally coupled scalar,
c
(0)
M (µ) = µ
d−3 8(d− 1)(d+ 1)
Ω2d
(
1− 4m
2
µ2
) d−3
2
(
d− 2
4
+
m2
µ2
)2
Θ(µ− 2m) . (3.17)
Hence, we obtain
m2
∂S
∂m2
=
−16pi
2d Γ(d)Ωd
md−2AΣ
∫ ∞
2
dx xd−3
(
1− 4
x2
)(d−3)/2(
d− 2
2
+
1
x2
)2
= − Γ
(
4−d
2
)
12(4pi)
d−2
2
md−2AΣ . (3.18)
Expanding around even d gives
S =
(−) d2
6(4pi)
d−2
2 Γ(d/2)
md−2AΣ log(mδ) . (3.19)
Thus we recover the universal ‘area” term for the minimally coupled scalar [20, 21, 28].
Remarkably, the result for the entanglement entropy is sensitive to the way the
scalar field couples to gravity. For the nonminimally coupled scalar one can regard
the additional contributions to the entanglement entropy as arising from a boundary
term in the modular Hamiltonian. We thoroughly investigated the general case (and
in particular the conformally coupled scalar field) in [22].
4 Deformed geometry: new universal terms
In the previous sections we studied the dependence of entanglement entropy on the
coupling constants of the operators in the theory (see Eq. 2.22). One could also ask
5The logarithmic divergence corresponds to a pole in the gamma function. The precise correspon-
dence is −1 = log(mδ), where d = 2n+  and n is an integer. This correspondence can be read off by
introducing a sharp cut-off, (mδ)−1, in the upper limit of the integral in (3.15).
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how entanglement entropy depends on the geometry. This is encoded in the analogous
flow equation to (2.22) [11, 19]
δS
δgµν(x)
= −1
2
√
g 〈Tµν(x)Kλ〉λ , (4.1)
where 〈. . .〉λ is the connected two-point function in the vacuum state of the theory
with coupling λ, and Kλ is the modular Hamiltonian for the entangling surface Σ
under consideration.
The equation (4.1) is completely general, in that it holds for any background ge-
ometry and any entangling surface. However, solving (4.1) is challenging, as we only
know the modular Hamiltonian Kλ for a planar entangling surface in flat space. We
must therefore resort to solving (4.1) perturbatively. In this section we will consider
only the first order piece,
δS =
1
2
∫
ddx〈T µν(x)Kλ〉λ hµν +O(h2) , (4.2)
where hµν encodes all the information about changes in the geometry. We will be
considering perturbations in geometry around a planar entangling surface in flat space,
so the modular Hamiltonian Kλ is the Rindler Hamiltonian (2.7) and is an integral of
the energy-momentum tensor. The first order terms in the perturbation of the metric
can be written as [19]
hij = x
axcRiacj +O(x3) ,
hab = −1
3
Racbdxcxd +O(x3) , (4.3)
where Rµναβ is the Riemann tensor, and directions i, j are along the entangling surface
while directions a, b are transverse to it.
In [19] we evaluated (4.2) for a CFT, reproducing the first order terms of the
general expression for a 4 dimensional CFT found in [8]. These terms are the purely
geometrical contributions to the universal part of entanglement entropy. Here we want
to consider terms in S which involve mixing of geometry with the couplings of the
theory.
In Sec. 4.1, we evaluate δS given by (4.2) for a general QFT, expressing the answer
in terms of the spectral functions of the theory. Then in Sec. 4.2 and Sec. 4.3 we
evaluate δS for the special case of massive free fields. While in Sec. 3 we considered
a planar entangling surface in flat space, which allowed us to identify “area” term
contributions to entanglement entropy of the form md−2AΣ log(mδ), the perturbed
geometry in Sec. 4.2, 4.3 will allows us to identify contributions that involve mixing of
the masses of free fields with the background curvature.
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4.1 General case
To evaluate the first order change in entanglement entropy under a deformation of the
background geometry, we need only to evaluate (4.2). It will be convenient to express
the answer in terms of the spectral functions appearing in the two-point function of
the energy-momentum tensor that were introduced in [26] and reviewed in Sec. 3. By
making use of the correlator 〈TµνK〉 found in Sec. 3 (equations (3.9) and (3.10)), and
combining it with the expression (4.3) for hµν , we get δS from (4.2),
δS =
2piAd
(d− 1)2Γ(d)
∫
Σ
(
δacδijRiajc +
1
2
δacδbdRabcd
)∫ ∞
0
dµ
µ2
c(0)(µ)
+
2piAd
(d− 1)Γ(d)
∫
Σ
(
d− 2
2
δacδbdRabcd − δacδijRiajc
)∫ ∞
0
dµ
µ2
c(2)(µ) . (4.4)
Using the Gauss-Codazzi relation one can show that for our choice of the unper-
turbed geometry, δijδklRikjl is a total derivative [19]. Hence, from the definition of the
Weyl tensor we get,
δacδbdCabcd =
d(d− 3)
(d− 1)(d− 2)
(
δacδbdRabcd − 2
d
δacRac
)
+ . . . , (4.5)
where ellipsis denote total derivatives and higher order terms in hµν . Substituting this
expression into (4.4), we finally obtain
δS =
−(d− 2)piAd
(d− 1)(d− 3)Γ(d+ 1)
∫
Σ
(
δacδbdCabcd − 2d− 3
d− 2δ
acRac
)∫ ∞
0
dµ
µ2
c(0)(µ)
+
(d− 2)piAd
(d− 3)Γ(d)
∫
Σ
δacδbdCabcd
∫ ∞
0
dµ
µ2
c(2)(µ) , (4.6)
This formula is a general expression that describes mixing of the background cur-
vature with the couplings of the theory. Of course, in general the spectral functions
are not known. However, in certain cases, such as for a CFT or free field theories, they
are known and we can evaluate δS in closed form.
For instance, for the case of a CFT with central charge c, the spectral functions
are [26]
c(0)(µ)
∣∣∣
CFT
∝ µd−2δ(µ) , c(2)(µ)
∣∣∣
CFT
=
d− 1
d
CT µ
d−3 , (4.7)
where CT is the coefficient characterizing the leading singularity in the two-point func-
tion of two stress tensors [24, 29]. In four dimensions, this coefficient is related to the
standard central charge c which appears as the coefficient of the (Weyl)2 term in the
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trace anomaly: CT = 40 c/pi
4. Substituting the CFT spectral functions into (4.6), we
find that a logarithmically divergent term in 4 dimensions is
δS = − c
2pi
∫
Σ
δacδbdCabcd log(δ) , (4.8)
in agreement with [8] and our findings in [19]. As is clear on dimensional grounds, for a
CFT in dimensions higher than 4, the terms in the expansion of the metric perturbation
hµν which are explicitly shown in (4.3) give rise to power law divergent contributions to
the entanglement entropy. Fortunately, for a theory which is not a CFT, there are new
scales which lead to log(δ) terms in d ≥ 6 without the need to consider other terms in
the expansion of hµν . We now turn to evaluating δS for the free massive fermion and
scalar.
4.2 Dirac fermion
For the free massive fermion, the spectral functions are given by (3.14). Substituting
them into δS given by (4.6) we obtain,
δS =
md−4
60d
Γ
(
6−d
2
)
(2pi)
d−2
2
(∫
Σ
δacRac − 2 (d− 1)(d− 2)
(d− 3)(d− 4)
∫
Σ
δacδbdCabcd
)
. (4.9)
Expanding this expression around even d ≥ 6, yields
δS =
md−4
30d
(−)d/2
(2pi)
d−2
2 Γ
(
d−4
2
) (∫
Σ
δacRac − 2(d− 1)(d− 2)
(d− 3)(d− 4)
∫
Σ
δacδbdCabcd
)
log(mδ) ,
(4.10)
where the correspondence between cut-offs is −1 = log(mδ) with d = 2n+ and integer
n.
4.3 Scalar
For the free massive conformally coupled scalar, the spectral functions are given by [26]
c
(0)
S (µ) =
8(d+ 1)(d− 1)
Ω2d
m4 µd−7
(
1− 4m
2
µ2
)(d−3)/2
Θ(µ− 2m) ,
c
(2)
S (µ) = µ
d−3
(
1− 4m
2
µ2
)(d+1)/2
Θ(µ− 2m) . (4.11)
Substituting them into (4.6) we obtain,
δS =
md−4
60d(d− 1)
Γ
(
4− d
2
)
(4pi)
d−2
2
[ ∫
Σ
δacRac +
d− 2
2(d− 3)
(
2d(d− 1)Ω2d
(d− 6)(d− 4) − 1
)∫
Σ
δacδbdCabcd
]
.
(4.12)
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In six dimensions only the Weyl tensor contributes to the universal entanglement en-
tropy,
δS =
Ω26
90(4pi)2
m2
∫
Σ
δacδbdCabcd log(mδ) , (4.13)
whereas for even d ≥ 8, we have
δS =
md−4
30d(d− 1)
(−) d2+1
(4pi)
d−2
2 Γ
(
d−6
2
)
×
[ ∫
Σ
δacRac +
d− 2
2(d− 3)
(
2d(d− 1)Ω2d
(d− 6)(d− 4) − 1
)∫
Σ
δacδbdCabcd
]
log(mδ) . (4.14)
5 Discussion
In this paper we exploited the fact that for a planar entangling surface in flat space,
the modular Hamiltonian (defined as the log of the reduced density matrix) is known
for any QFT. In Sec. 4 we made use of this to find the entanglement entropy across
a planar entangling surface in a background that is a slight deformation of flat space.
Working to first order in the deformation of the metric, we found a new class of terms
appearing in the universal part of entanglement entropy. These terms encode mix-
ing of background curvature and the couplings of the theory. By making use of the
spectral decomposition of the two-point function of the energy-momentum tensor, we
gave a closed form answer for any QFT. Evaluating this part of entanglement entropy
for some theory thus amounts to simply knowing the spectral functions. While for
free massive field theories the spectral functions are known, it would be of obvious
interest to consider interacting theories for which the spectral functions could be found
perturbatively.
In Sec. 3 we focused on relevant deformations of the field theory. The flow equation
(1.1) gives, in principle, a full expression for the dependence of entanglement entropy
on all the couplings in the theory. For a general QFT, one needs to merely evaluate
the two-point function 〈TµνOi〉. We did this explicitly for free massive theories. It
would be interesting to also consider interacting theories (such as λφ4 [30] or the O(N)
vector models [31]), in which case one would make use of the perturbative expansion
of the entanglement entropy given in Sec. 2.2. In the special case that there is only
one relevant operator, we made use of the Ward identity to express the dependence of
entanglement entropy on the coupling in terms of a two-point function of the energy-
momentum tensor. A spectral decomposition of this two-point function allowed us to
give a closed form expression for the entanglement entropy. It would be of theoretical
interest to, if possible, directly do a spectral-like decomposition of 〈TµνOi〉, and thereby
– 17 –
obtain a closed form expression for the dependence of entanglement entropy on each of
the couplings in the theory.
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A The thermal picture
In this appendix we review how the entanglement entropy across a plane for a free
field theory can be evaluated by using the entropy density of a free gas. Indeed, since
an accelerated Unruh observer is confined to the right Rindler wedge, he traces out
the degrees of freedom in the left Rindler wedge. Thus, entanglement entropy can be
regarded as the entropy of Unruh radiation. It is interesting that in fact one can easily
find the entanglement entropy across a plane for a free massive theory by computing
the entropy of Unruh radiation [12].6
Recall that a uniformly accelerated observer experiences thermal radiation with
temperature
T =
1
2pix
, (A.1)
where x is the transverse distance from the plane at t = 0, and the observer’s worldline
is x2−t2 = a2. We will find the entanglement entropy by using standard thermodynamic
formulas for the entropy density of a gas, making use of (A.1), and integrating over the
entire right Rindler wedge.
The entropy density will be found by differentiating the pressure density,
s =
∂p
∂T
. (A.2)
The pressure is found by integrating the component Tii of the stress-tensor against the
number density,
p =
g
(2pi)d−1
∫
dd−1p
p2
(d− 1)ω
1
eω/T ∓ 1 , (A.3)
6To compute the entropy of the Unruh radiation one needs to impose some kind of boundary
conditions at the entangling surface. It is not a priori obvious which boundary conditions are the
correct ones to choose (Dirichlet are a popular choice [32]), nor if the answer is sensitive to the choice.
The choice we make is to use the entropy density of a thermal gas in the infinite volume limit.
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where g is the degeneracy, and homogeneity has allowed us to replace p2i with p
2/(d−1).
Using ω2 = p2 +m2, we rewrite (A.3) as an integral over ω/T ,
p =
g
d− 1
Ωd−1
(2pi)d−1
T d f∓(α) , (A.4)
where we defined,
f∓(α) =
∫ ∞
α
du
(u2 − α2) d−12
eu ∓ 1 , (A.5)
and introduced the dimensionless parameter α ≡ m/T . The leading order term in (A.4)
scales as O(α0) and gives p ∼ T d. The entropy density is correspondingly, s ∼ T d−1.
Integrating over the Rindler wedge and making use of (A.1) yields
S ∼
∫
dd−2y dx
1
xd−1
∼ AΣ
δd−2
, (A.6)
which is the standard area law term. We are, however, interested in the log(δ) term.
This arises from the term in (A.5) that is of order O(αd−2). Performing a binomial
expansion of the numerator in the integrand of (A.5), the relevant term is present in
even space-time dimensions,
f∓(α) = −αd−2(−1)d/2
Γ(d+1
2
)
Γ(d/2)Γ(3/2)
∫ ∞
0
du
u
eu ∓ 1 + ... (A.7)
We find the entropy by integrating the entropy density (A.2), making use (A.7), (A.4),
and (A.1). For bosons we use f−(α) defined by (A.7) and set g = 1 to get
S = − 2pi(−1)
d/2
6(4pi)
d−2
2 Γ(d/2)
md−2
∫
dd−2y
∫ ∞
δ
1
2pix
. (A.8)
The integral over the direction x orthogonal to the entangling surface produces the log-
arithm of the UV cutoff, while the integral over the coordinates y along the entangling
surface gives the area AΣ. Thus, (A.8) gives the standard result for the universal part
of entanglement entropy for the minimally coupled scalar, (3.19). For fermions, we us
f+(α) defined by (A.7) and degeneracy g = 2
d/2 to find that the entanglement entropy
matches (3.16).
B Spectral density for free fields
In this Appendix we show how to derive the spectral density, c(0)(µ), in the case of free
fields. In general, this spectral function is given by [26]
c(0)(µ) =
2 Γ(d)
piAd
1
µ3
Im〈T (p)T (−p)〉∣∣
p2=−µ2 , (B.1)
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where the imaginary part of a given function f(p2) is defined by
Imf(p2)|p2=−µ2 = lim
→0
f(−µ2 − i)− f(−µ2 + i)
2i
. (B.2)
To get (B.1) one needs to take trace of (3.7), use Green’s equation for G(x, µ) and im-
plement the Kramers–Kronig relations to invert the resulting identity. In this Appendix
we present details of the computation of (B.1) in the case of free massive fields.
We start with the free Dirac field. The Euclidean action is given by
S =
∫
ddx ψ¯
(
/∂ +m
)
ψ , (B.3)
and the corresponding energy-momentum tensor reads
Tµν =
1
2
ψ¯γ(α
↔
∂ β)ψ − δαβ(ψ¯/∂ψ +mψ¯ψ). (B.4)
Taking the trace of the energy-momentum tensor and using the Dirac equations of
motion we obtain,
T = −mψ¯ψ. (B.5)
Hence, (B.1) boils down to a computation of the standard fermionic loop diagram,
c
(0)
F (µ) = −
2 Γ(d)
piAd
m2
µ3
Im
(
tr
∫
ddq
(2pi)d
(− i(/p+ /q) +m)(− i/q +m)(
(p+ q)2 +m2
)(
q2 +m2
) ) ∣∣∣∣∣
p2=−µ2
, (B.6)
where “tr” denotes the trace over the 2[
d
2
]-dimensional spinor space and we used the
Euclidean propagator,
〈ψ(x)ψ¯(0)〉 = (/∂ +m)−1 =
∫
ddp
(2pi)d
−i/p+m
p2 +m2
eip·x . (B.7)
Implementing now the standard Feynman parametrization to evaluate the integral
within parenthesis in (B.6) yields,
c
(0)
F (µ) = 2
[ d
2
]+1(d− 1)Γ(d)
piAd
Γ
(
2−d
2
)
(4pi)d/2
m2
µ3
Im
(∫ 1
0
dx σ
d−2
2
) ∣∣∣∣∣
p2=−µ2
, (B.8)
where σ = m2 + x(1− x)p2. To evaluate the imaginary part of the remaining integral,
we assume that d = d0 +  with even d0 and expand (B.8) in . Substituting
Γ
(2− d
2
)
=
2(−) d02
Γ
(
d0
2
) 1

+ . . . ,
σ
d−2
2 = σ
d0−2
2 (1 +

2
log σ + . . .) , (B.9)
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one can see that the leading divergent term in (B.8) is always real and therefore does not
contribute to c
(0)
F (µ), whereas the next-to-leading term will have a non-trivial imaginary
part provided that σ < 0, i.e., if
x− < x < x+ , x± =
1
2
± 1
2
√
1− 4m
2
µ2
, µ > 2m . (B.10)
In particular,
Im log σ
∣∣
p2=−µ2 = −pi , (B.11)
and ∫ x+
x−
dx
(
x(1− x)− m
2
µ2
) d0−2
2
=
Γ
(
d0
2
)2
Γ(d0)
(
1− 4m
2
µ2
) d0−1
2
. (B.12)
Substituting these results into (B.8), we recover (3.14).
We now repeat the above derivation for the massive minimally coupled scalar field.
In this case the energy-momentum tensor is given by
Tµν = ∂µφ∂νφ− 1
2
δµν
(
(∂φ)2 +m2φ2
)
. (B.13)
Hence
T =
2− d
2
(∂φ)2 − d
2
m2φ2. (B.14)
Using now
〈φ(x)φ(0)〉 =
∫
ddp
(2pi)d
eipx
p2 +m2
(B.15)
to evaluate various scalar one loop integrals, yields
〈φ2 φ2〉 = 2Γ
(
4−d
2
)
(4pi)d/2
∫ 1
0
dx σ
d−4
2 ,
〈(∂φ)2 φ2〉 = Γ (2−d2 )
(4pi)d/2
∫ 1
0
dx σ
d−4
2
(
2(d− 1)σ − (d− 2)m2
)
, (B.16)
〈(∂φ)2 (∂φ)2〉 = −Γ (2−d2 )
(4pi)d/2
∫ 1
0
dx σ
d−4
2
(
4(d+ 1)σ2 − (p2 + 4dm2)σ + (d− 2)m4
)
,
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where as before we used Feynman parametrization to carry out the integrals. Using
(B.9)-(B.12), we obtain
Im〈φ2 φ2〉∣∣
p2=−µ2 = µ
d−4 2pi
(4pi)
d
2
Γ (d/2− 1)
Γ(d− 2)
(
1− 4m
2
µ2
) d−3
2
Θ(µ− 2m) ,
Im〈(∂φ)2 φ2〉∣∣
p2=−µ2 = µ
d−2 pi
(4pi)
d
2
Γ (d/2− 1)
Γ(d− 2)
(
1− 4m
2
µ2
) d−3
2
(
1− 2m
2
µ2
)
Θ(µ− 2m) ,
Im〈(∂φ)2 (∂φ)2〉∣∣
p2=−µ2 = µ
d pi
2(4pi)
d
2
Γ (d/2− 1)
Γ(d− 2)
(
1− 4m
2
µ2
) d−3
2
(
1− 2m
2
µ2
)2
Θ(µ− 2m) ,
Combining leads to
c
(0)
M (µ) = µ
d−3 8(d− 1)(d+ 1)
Ω2d
(
1− 4m
2
µ2
) d−3
2
(
d− 2
4
+
m2
µ2
)2
Θ(µ− 2m) . (B.17)
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